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WORCESTER COUNTY MATHEMATICS LEAGUE E E

Varsity Meet 4 — March 6, 2013
Round 1: Elementary Number Theory

All answers must be in simplest exact form in the answer section

NO CALCULATOR ALLOWED

Note: a subscript indicates that number’s base.
Bases are assumed to be positive integers > 2.

1. What is the sum of the divisors of 3967 (Include 1 and itself.)

2. In Mozart’s opera Don Giovanni, the title character has seduced 640 women
in Italy, 231 in Germany, 100 in France, 91 in Turkey, and 1003 in Spain. If
these are the only women he has seduced, what fraction are from Spain?
Express your answer as a reduced fraction.

3. Gonvert the base 4 number 22031, to base 8.

ANSWERS
(1pt.) 1.

(2 pts.) 2.

(3 pts.) 3. g  [base 8 answer] 1
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WORCESTER COUNTY MATHEMATICS LEAGUE ﬂ ﬁ

Varsity Meet 4 — March 6, 2013
Round 2: Algebra I

All answers must be in simplest exact form in the answer section

NO CALCULATOR ALLOWED

1. If the opposite (the additive inverse) of 2z + 1 is 5 — 4z, find the value of
Tz —- 8.

2. The numerator and denominator of a fraction are in the ratio 3 : 4. If 5 is
subtracted from the numerator and 4 is subtracted from the denominator, the
resulting fraction reduces to 2/3. Find the numerator of the original fraction.

3. Oscar has 3/4 as much money as Alfred. If Alfred gives 1/2 of his money
to Oscar, and Oscar then gives Alfred 1/5 of his money, then Alfred will have
$8 less than Oscar. How much money do they have combined?

ANSWERS
(AL Jeibe)is Al

(2 pts.) 2.

(3 pts.) 3. § 2
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WORCESTER COUNTY MATHEMATICS LEAGUE E

Varsity Meet 4 — March 6, 2013
Round 3: Geometry

All answers must be in simplest exact form in the answer section

NO CALCULATOR ALLOWED

1. Segment AP has length 12 and is tangent to circle O at P. If AB has
length 8, what is the area of circle O7 Express your answer in terms of .

UB :

2. An equilateral triangle shares a side with a square of side length 4. What
is the radius of the circle that passes through the three vertices as shown?

3. A right pyramid has a base that is an equilateral triangle with side length 6.
The lateral faces are isosceles triangles of area 12. What is the volume of the
pyramid?

ANSWERS
(1pt.) LI

(2 pts.) 2.

(3 pts.) 3. 3
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WORCESTER COUNTY MATHEMATICS LEAGUE I ! '

Varsity Meet 4 — March 6, 2013
Round 4: Logarithms, Exponents, and Radicals

All answers must be in simplest exact form in the answer section

NO CALCULATOR ALLOWED

1. If log;y N = 8.8, how many digits are to the left of the decimal point in
the base 10 representation of v/ N?

2. Solve for z:

3. Solve for z:
(108, 3)(l0g2, 26) _

(logy, 5)(logy, 3) N

ANSWERS
AL gtz Bl

(2 pts.) 2. =z

(3pts.) 3. z= 4
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WORCESTER COUNTY MATHEMATICS LEAGUE i E

Varsity Meet 4 — March 6, 2013
Round 5: Trigonometry

All answers must be in simplest exact form in the answer section

NO CALCULATOR ALLOWED

(sin g) (tan %’5) + (cot _72”) (ta.n 5%)

1. Evaluate:

2. If tanz + cot z = 144 /25, find the numerical value of sin 2z and express it
as a fraction.

3. Find all z (in radians), 0 < z < , for which

tan’z + tanz + 2(sinz — cosz) = sec’ z.

ANSWERS
(1pt.) 1.

(2 pts.) 2.

(3 pts.) 3. 5
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WORCESTER COUNTY MATHEMATICS LEAGUE E E

Varsity Meet 4 — March 6, 2013
TEAM ROUND

All answers must either be in simplest exact form or rounded to EXACTLY three decimal
Dlaces, unless stated otherwise. (2 POINTS EACH)

APPROVED CALCULATORS ALLOWED

e

[SATENN - SR )

Simplify: .
1
1

a—1

-1
1+
a+

. In what base b is 305; is a factor of 13217

. What is the coefficient of the @® term in the polynomial expansion of (2a — 1)2?

. If f(z) = pz+ g for p and g real numbers and f(f(f(z))) = 8z +21, find the sum p+gq.
. In AABC, D is on AB and E is on AC with DE || BC. Also, O is a point on DE

such that BO bisects ZB and CO bisects ZC. If AB = 12, AC = 18, and BC = 24,
find the perimeter of AADE.

. Let A vary directly as the square of B, the square root of C, and inversely as D and

E.HA=3when B=4,C=281,D =8, and F = 12, find C when (4,B,D,E) =
(2,4,10,8).

. Given the four statements:

= —25%
1
B?

1) logg N=F 2)
3) B=-2E 4)

2zl

find the ordered triple (B, E, N).

. Find a value of z for which v/z + 47 and +/z — 12 are both positive integers.
. In quadrilateral ABCD, AB = 13, BC = 20, and CD = 18. If m£ZABC = 128° and

m£BCD = 112°, find the area of ABCD to the nearest square unit.
D

18

112° 1285
C 20 B
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WORCESTER COUNTY MATHEMATICS LEAGUE E

Varsity Meet 4 — March 6, 2013
TEAM ROUND ANSWER SHEET

All answers must either be in simplest exact form or rounded to EXACTLY three decimal
Places, unless stated otherwise. (2 POINTS EACH)

9. units?
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: O WORCESTER COUNTY MATHEMATICS LEAGUE - I i
Varsity Meet 4 — March 6, 2013
ANSWERS

ROUND 1 ROUND 5
(St. John’s, QSC, QSC) (Shepherd Hill, Quaboag, Hudson)
1. 1092 1. —5/2
S 3. 7/4, 2m/3 (need both, either order)
ROUND 2
(Quaboag, [unknown school], Auburn) TEAM ROUND
1 13 (Worc Acad, Hudson, St. Peter-Marian,
: Algonquin, Algonquin, Assabet Valley, Do-
2821 herty, Shepherd Hill, Assabet Valley)
3. $56 or $56.00 , @ +1
ROUND 3 a?
(QSC, Algonquin, Shrewsbury) 2. 12
1. 257 3. 264
O 2. 4 45
3. 3v/39 -
ROUND 4
(QSC, Algonquin, Worc Acad) 6. 25
1.5 7. (4,~2,1/16) ~ (4, —2,0.063)
2.2 8. 853
2 9. 371
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O WORCESTER COUNTY MATHEMATICS LEAGUE I I

Varsity Meet 4 — March 6, 2013
FULL SOLUTIONS

ROUND 1

1. The prime factorization is 396 = 2% - 3% - 11. The sum of the divisors is
(2° + 2t + 22)(30 3 3+ F32)(11° + 11Y)

because expanding that product will give each divisor as a term in the summation.
Therefore, the answer is 7-13-12 = 1092

[Notice that each term in the product is the sum of a geometric series. Recalling that
the sum of a geometric series is

ar®l — g
a+ar+ar?+.. . +ar"= S
the above product could be rewritten as
8-—-1 9 27-1 g 121-1
2-1"3-1" 11-1°
‘While not terribly useful in this case, it can be easier if the exponents are large.]

O 2. In total, there are 640+231+100+-91+1003 = 2065 women. Therefore, our (unreduced)
answer is 1003/2065, and the problem is asking us to find the greatest common divisor
(ged) of 1003 and 2065.

METHOD I: The prime factorizations are 1003 = 17-59 and 2065 = 5-7-59. Therefore,
17

17 e
thegcdw59thea.nswerlsﬁ— 35. Tae

METHOD II: To find the ged:6f two n‘um‘beérs, especially if they are large, the preferred
method is the EUCLIDEAN ALGORITHM, first described by Euclid in 300 Bc. In the
Euclidean algorithm, the smaller, number is divided into the larger number and the
integer remainder taken. This progess is repea.ted, and the last nonzero number is the .
ged. For this problem:

2065 = 2 x 1003+ 59 [« the ged]
1003 = 17x59+0
The advantage to this method is that the two numbers need not be factored. For large
" numbers (=100 base 10 digits), prime factorization in a reasonable amount of time is not

possible even with supercomputers, but the number of steps required in the Euclidean
algorithm is at most 5 times the number of base 10 digits in the smaller number.
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WORCESTER COUNTY MATfIEMATI CS LEAGUE I l

3. Since 43 = 64 = 82, each group of three base 4 digits corresponds to a set of two base 8

digits. Split the given number into groups of three: 22'0314. Working from right to left,
0314 = 1330 = 15 and 224 = 10, = 12g. Putting it together, the answer is [ 12153 |,

ROUND 2

1. Since 2z + 1 and 5 — 4z are opposites, 2z + 1+ 5 — 4z = 0. Therefore, 2z = 6 s0o z = 3.
We are asked to find the value of 7z — 8, so this is 21 — 8 =

2. Express the original fraction as —2; Then, we have

3z—5 2

4z -4 3
Cross-multiply to find 9z — 15 = 8z —8 so.x = 7. The numerator of the original fraction
is 3z, so 3z =[21]. ’ iy

3. Keep track of how much money each pe;'son has at each stage:

4 Osc;aff‘ . Alfred
%A | a
Z—A %A
A %A

At the end, we know that Alfred has $8 less than Oscar, so i—A = $8. Therefore, they
started with $24 + $32 =[$56]









